Abstract. We examine geometric representability results for various classes of equiaffine curvature operators. This is dedicated to Professor Udo Simon 1. Introduction. Curvature is a fundamental object of study in differential geometry. It is often convenient to work first in an algebraic context and then pass to the geometric setting subsequently. In this paper, we shall discuss questions of geometric representability in the affine setting. Here is a brief outline to the paper. In Section 2, we establish notational conventions. In Section 3, we show any equiaffine algebraic curvature operator arises from an equiaffine connection. In Section 4, we discuss the decomposition of the space of equiaffine algebraic curvature operators into two summands which are irreducible under the natural action of the general group in dimension m ≥ 3. This gives rise to two additional geometric representation questions. In Section 5, we discuss the Weyl projective curvature tensor and show any projectively flat equiaffine algebraic curvature operator arises from a projectively flat equiaffine connection. In Section 6, we show every Ricci flat equiaffine algebraic curvature operator is geometrically representable by a Ricci flat equiaffine connection.
This is dedicated to Professor Udo Simon 1. Introduction. Curvature is a fundamental object of study in differential geometry. It is often convenient to work first in an algebraic context and then pass to the geometric setting subsequently. In this paper, we shall discuss questions of geometric representability in the affine setting. Here is a brief outline to the paper. In Section 2, we establish notational conventions. In Section 3, we show any equiaffine algebraic curvature operator arises from an equiaffine connection. In Section 4, we discuss the decomposition of the space of equiaffine algebraic curvature operators into two summands which are irreducible under the natural action of the general group in dimension m ≥ 3. This gives rise to two additional geometric representation questions. In Section 5, we discuss the Weyl projective curvature tensor and show any projectively flat equiaffine algebraic curvature operator arises from a projectively flat equiaffine connection. In Section 6, we show every Ricci flat equiaffine algebraic curvature operator is geometrically representable by a Ricci flat equiaffine connection.
Throughout this paper, we will be using results from affine differential geometry; [8] is an excellent reference for this material which contains a more complete bibliography than we can present here. We also refer to [1] for a discussion of associated representation theory discussed in Section 4. We adopt the Einstein convention and sum over repeated indices. All connections are assumed to be torsion free connections on the tangent bundle T M of a smooth manifold M . A connection is equiaffine if it locally admits a parallel volume form or, equivalently (see Lemma 2), the associated Ricci tensor is symmetric.
2. Torsion free algebraic curvature operators. Let V be a real vector space of dimension m. Let A ∈ ⊗ 2 V * ⊗ End(V ) be an algebraic curvature operator, i.e. A has the symmetries of the curvature operator defined by a torsion free connection:
Let A(V ) be the vector space of all such operators; see for example the discussion in [2] . In the geometrical setting, let ∇ be a torsion free connection on T M . If P ∈ M , let R ∇ P be the associated curvature operator; R ∇ P ∈ A(T P M ) for any P ∈ M . We have the following representability theorem:
Proof. Although this result is well known, we include the proof as we shall need the construction subsequently. Fix a basis {e i } for V . Expand A(e i , e j )e k = A ijk ℓ e ℓ .
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If v ∈ V , expand v = x i e i where {x i } are the dual coordinates on V . Define the Christoffel symbols of a connection ∇ on T (V ) by setting:
Since Γ uv l = Γ vu l , ∇ is torsion free. Since Γ(0) = 0, we use the curvature symmetries to complete the proof by computing:
Theorem 1 shows that every algebraic curvature operator is geometrically representable. Thus there are no universal symmetries for the curvature operator of a torsion free connection other than those given above in Equation (1).
3. Equiaffine curvature operators. Let A ∈ A(V ); the Ricci tensor is defined by:
ρ(x, y) := Tr{z → A(z, x)y} . We say a curvature operator is an equiaffine curvature operator or equivalently is a Ricci symmetric curvature operator if ρ(x, y) = ρ(y, x) for all x, y. We let F(V ) ⊂ A(V ) be the set of all such operators. Such operators play a central role in many settings -see, for example, the discussion in [3, 4, 5, 6] .
The following geometric observation will play a crucial role in our analysis and justifies the use of the terminology equiaffine curvature operators; we refer to [1, 8] for further details.
Lemma 2. The following conditions are equivalent for a torsion free connection ∇:
( Proof. Although this result is well known (see, for example, [7] page 99), we present the proof as it is elementary and central to our development. By Equation (1), (4) Tr{R(x, y) − ρ(y, x) + ρ(x, y)} = 0 .
The equivalence of Assertions (2) and (3) now follows. We have:
We show that Assertions (1) and (2) are equivalent by computing:
We have that
Thus there exists a parallel volume form on O if and only if Γ ik k dx i is exact. As every closed 1-form is locally exact, Assertions (1) and (4) are equivalent.
We have the following representability theorem in this context:
Proof. Let ∇ be defined by Equation (2); R ∇ 0 = A. Since A ∈ F(V ), A ijk k = 0 by Equation (4). We use Lemma 2 to show ∇ is equiaffine by computing:
Representation theory. Results of [1] show that there is a Gl(V ) equivariant short exact sequence:
which is Gl(V ) equivariantly split into two irreducible inequivalent Gl(V ) summands. Thus we have:
If m = 2, then ker(ρ) = {0} so we shall assume m ≥ 3 henceforth. The associated projection of F(V ) on ker(ρ) is provided by the Weyl projective curvature operator
, we say that A ∈ F(V ) is projectively flat if P A = 0, i.e. if A belongs to the summand S 2 (V * ). The decomposition of Equation (5) gives rise to two additional natural questions which we shall answer affirmatively Sections 5 and 6:
(1) Is every equiaffine algebraic curvature operator A which is projectively flat representable by a equiaffine connection which is projectively flat? (2) Is every Ricci flat algebraic curvature operator representable by a Ricci flat torsion free connection?
5. The Weyl projective curvature operator. Two connections ∇ and∇ are said to be projectively equivalent if there is a 1-form θ so
The unparametrized geodesics of ∇ and∇ coincide if and only if the two connections are projectively equivalent. Furthermore, if ∇ and∇ are projectively equivalent, then they have the same Weyl projective curvature tensors. A connection is said to be projectively flat if it is projectively equivalent to a flat connection or equivalently if P ∇ vanishes identically (Weyl) or if there exist a local frames s = (x 1 , ..., x m ) on a neighborhood of any point so that 
Suppose given A ∈ F(V ) which is projectively flat. Let f (x) := Proof. Let ∇ be a torsion free connection. Set ω := Γ ij j dx i . If ω = 0, then
For each pair of indices {i, j}, not necessarily distinct, choose an index k ij = k ji which is distinct from i and from j. If Θ is a polynomial, let
be the indefinite integral. We then have that
We suppose ∇ is defined by the connection 1-form
where the Γ 2ν−1 and Θ 2ν are the polynomials defined recursively by the relations:
Since ρ A = 0, we have Γ 1,ij j = 0. As k ij is an index distinct from i and j, it follows that Γ 2ν+1,ij j = 0 for ν ≥ 1. Thus ω = 0. We have Γ 1,ij l = Γ 1,ji l . It is clear from Equation (13) that Θ 2ν,ij = Θ 2ν,ji ; we integrate to see
Thus ∇ is torsion free. Clearly Γ 1 = O(|x|). We use induction, the recursion relations of Equations (13) and (14), and the estimate of Equation (10) to see
where || is a suitably chosen operator norm.
,ij = Θ 2ν,ij and since ρ(0) = 0, Equation (7) implies that ρ ≡ 0.
We must improve Equation (15) to show that there exist C > 0 and ε > 0 so
for |x| ≤ ε .
We complexify and permit x i ∈ C to be coordinates on V ⊗ R C. We extend Equation (8) to the complex domain; Equations (9) and (10) continue to hold. We then extend Equations (12), (13), and (14) to the complex domain as well.
Since Γ 1 is a homogeneous linear polynomial, ||Γ 1 || ≤ C 1 |x| where we may take C 1 ≥ 1. Set C = 4C 1 and ε = (8C 1 ) −1 < 1. We suppose inductively that the estimate in Equation (16) holds for ν ≤ µ and attempt to establish the estimate for Γ 2ν+1 . We use the recursive definition of Equation (13) to estimate
Integrating this estimate then establishes the estimate of Equation (16) since we pick up an extra power of |x| in the decay by Equation (10). This establishes the convergence in the C 0 sup norm of the series defining Γ in Equation (11) for |x| ≤ ε. The Γ i are polynomials and hence holomorphic. Recall that the uniform limit of holomorphic functions is holomorphic and furthermore the convergence of the series in question is in fact uniform in the C k norm for any k for |x| ≤ Then A is Ricci flat. If we use Equation (2) to define ∇, then ρ ∇,22 = 2 9 x 2 2 = 0. Remark 7. In contrast to the constructions performed in previous sections, the construction used to prove Theorem 5 is not Gl(V ) equivariant.
